Abstract. Let R be a local ring and M a finitely generated R-module. The complete intersection dimension of M -defined by Avramov, Gasharov and Peeva, and denoted CI-dim R (M )-is a homological invariant whose finiteness implies that M is similar to a module over a complete intersection. It is related to the classical projective dimension and to Auslander and Bridger's Gorenstein dimension by the inequalities G-dim R (N ) CI-dim R (N ) pd R (N ).
Introduction
Let R be a local ring and N a finitely generated R-module. The projective dimension of N , denoted pd R (N ), is by now a classical invariant, and much research has shown that modules of finite projective dimension have properties similar to those of modules over a regular local ring. Motivated by this, Auslander and Bridger [1] introduced the Gorenstein dimension of N , denoted G-dim R (N ), which is an invariant whose finiteness detects properties similar to those for modules over a Gorenstein ring. More recently Avramov, Gasharov and Peeva [9] defined the complete intersection dimension of N , denoted CI-dim R (N ), which plays a similar role with respect to the complete intersection property. Corresponding to the wellknown hierarchy of rings, there are inequalities Avramov and Foxby overcome this technical difficulty by using the Cohen factorizations of Avramov, Foxby and Herzog [8] to replace ϕ with a related homomorphism ϕ ′ : R ′ → S which has the added benefit of being surjective so that G-dim R ′ ( S) is defined. Blanco and Majadas [12] use the same idea to study local homomorphisms of finite complete intersection. Avramov and Foxby [6] asked the following: given two local ring homomorphisms ϕ : R → S and ψ : S → T of finite Gorenstein dimension, must the composition ψ•ϕ also have finite Gorenstein dimension? They were able to answer this question, for example, when ψ has finite flat dimension. We move one step closer to answering this question in general with the following result; see Theorem 6.2.
Theorem A. Let ϕ : R → S and ψ : S → T be local ring homomorphisms. If ϕ has finite Gorenstein dimension and ψ has finite complete intersection dimension, then the composition ψ • ϕ has finite Gorenstein dimension.
We also establish the following complete-intersection analogues of results of Avramov, Iyengar and Miller [10] and Foxby and Frankild [20] . The first is proved in 6.4. The second one is contained in Corollary 6.7 and can also be thought of as an injective version of a result of Blanco and Majadas [12] .
Theorem B. Let ϕ : R → S be a local ring homomorphism. Then ϕ has finite complete intersection injective dimension if and only if R is Gorenstein and ϕ has finite complete intersection dimension.
Theorem C. A local ring of prime characteristic is a complete intersection if and only if some (equivalently, every) power of its Frobenius endomorphism has finite complete intersection injective dimension.
Theorem A is proved using the Auslander classes introduced by Avramov and Foxby [6] and generalized by Christensen [13] ; see 1.12 . Much recent research has been devoted to the study of these classes, not only because of their connection to the composition question of Avramov and Foxby, but also because the objects in these classes enjoy particularly nice homological properties.
Each Auslander class of R-complexes contains every bounded R-module of finite flat dimension. The next result greatly enlarges the class of objects known to be in each Auslander class; it is contained in Theorem 5.1.
Theorem D.
If R is a local ring and M an R-module of finite complete intersection flat dimension, then M is in the Auslander class A C (R) for each semidualizing Rcomplex C.
Here, the complete intersection flat dimension of M is a version of complete intersection dimension for modules that are not necessarily finitely generated. We actually prove a more general result for R-complexes and also a dual result in terms of upper complete intersection injective dimension CI * -id R (M ) and the Bass classes B C (R). In particular, when R admits a dualizing complex D R , these complete intersection dimensions determine natural subcategories CI -F (R) ⊆ A D R (R) and It is commonly known that one can exert a small amount of control on the structure of this quasi-deformation. For instance, one may assume without loss of generality that the closed fibre of ϕ is artinian (hence, CohenMacaulay) and that Q is complete. One piece of technology that allows for more flexibility in our analysis is the following result, proved in 3.2.
Theorem F. Let (R, m) be a local ring and let M be a homologically bounded Rcomplex. Then CI-fd R (M ) < ∞ if and only if there exists a quasi-deformation R → R ′′ ← Q ′ such that Q ′ is complete, the closed fibre R ′′ /mR ′′ is artinian and Gorenstein, and
is finite. Many of the results in this paper can be stated strictly in terms of modules without losing their flavor. However, some of our proofs require the use of complexes. For this reason, we work almost entirely in the derived-category setting. Section 1 contains a summary of the basic notions we use.
Complexes and Ring Homomorphisms
Let (R, m, k) and (S, n, l) be commutative local noetherian rings.
Definition/Notation 1.1. We work in the derived category D(R) of complexes of R-modules, indexed homologically. References on the subject include [25, 26] .
A complex M is homologically bounded if H i (M ) = 0 for all |i| ≫ 0; and it is homologically finite if ⊕ i H i (M ) is finitely generated. Let D b (R) denote the full subcategory of D(R) consisting of the homologically bounded R-complexes. Isomorphisms in D(R) are identified by the symbol ≃, and isomorphisms up to shift are designated by ∼.
Fix R-complexes M and N . Let inf(M ) and sup(M ) denote the infimum and supremum, respectively, of the set {n ∈ Z | H n (M ) = 0}, and set amp N ) denote the left-derived tensor product and right-derived homomorphism complexes, respectively. For each integer i, the ith suspension (or shift ) of M , denoted Σ i M , is the complex with (
, fd R (M ) and id R (M ) denote the projective, flat and injective dimensions of M , respectively, as in [3] . Let P(R), F (R) and I(R) denote the full subcategories of D b (R) consisting of the complexes with, respectively, finite projective, flat and injective dimension.
We shall have several occasions to use the following isomorphisms from [3, (4.4) ].
Definition/Notation 1.2. Let R → S be a ring homomorphism, and fix an Rcomplex L and S-complexes M and N . Assume that each R-module H i (L) is finitely generated and inf(L) > −∞.
The natural tensor-evaluation morphism
is an isomorphism when sup(M ) < ∞ and either L ∈ P(R) or N ∈ F(S).
The natural Hom-evaluation morphism
and either L ∈ P(R) or N ∈ I(S). Remark 1.3. Let M be a homologically finite R-complex with pd R (M ) < ∞ and let N be a homologically bounded R-complex. Because M is homologically finite and pd R (M ) < ∞, we know from [13, (2.13) ] that the R-complex RHom R (M, R) is homologically finite and has finite projective dimension. Hence, tensor-evaluation (1.2) yields the first isomorphism in the next sequence, and the second isomorphism is tensor-cancellation:
Definition/Notation 1.4. Let ϕ : R → S be a local ring homomorphism. We denote by R the completion of R at its maximal ideal and let ε R : R → R denote the natural map. The completion of ϕ is the unique local ring homomorphism ϕ : R → S such that ϕ • ε R = ε S • ϕ. The semi-completion of ϕ is the compositioǹ ϕ = ε S • ϕ : R → S, and the flat dimension of ϕ is fd(ϕ) = fd R (S). By [8, (1.1) ] the mapφ admits a Cohen factorization, that is, there is a diagram of local ring
Definition/Notation 1.5. A homologically finite R-complex C is semidualizing if the homothety morphism χ
. A complex D is dualizing if it is semidualizing and id R (D) is finite. Remark 1.6. Let ϕ : R → S be a local ring homomorphism of finite flat dimension and let M be a homologically finite R-complex. From [13, (5 Definition/Notation 1.8. Let C be a semidualizing R-complex. A homologically finite R-complex M is C-reflexive if the complex RHom R (M, C) is homologically bounded and the biduality morphism δ An R-module G is G C -projective if there exists an exact sequence of R-modules
The G C -flat dimension of M is defined similarly and denoted G C -fd R (M ), while the
and G-id R (M ); these are the G-projective, G-flat, and G-injective dimensions of Enochs, Jenda and Torrecillas [16, 17] .
Remark 1.11. Let C be a semidualizing R-module, and let R ⋉ C denote the trivial extension of R by C. Let M be a homologically bounded R-complex, and view M as an R ⋉ C-complex via the natural surjection R ⋉ C → R. From [27, (2.16) ] there are equalities
It is known in a number of cases that the quantities G C -pd R (M ) and G C -fd R (M ) are simultaneously finite. When C = R and R admits a dualizing complex, this is in [14, (4.3) ]. When M is a module, it is in [18, (3.5)] and [35, (3.3) ]. We deal with the general case in Proposition 4.3.
The next categories come from [6, 13] and are commonly known as Foxby classes.
Definition/Notation 1.12. Let C be a semidualizing R-complex. The Auslander class with respect to C is the full subcategory
The Bass class with respect to C is the full subcategory
Remark 1.13. Let C be a semidualizing R-complex, and let X be a homologically bounded R-complex. If fd R (X) < ∞, then X ∈ A C (R); if id R (X) < ∞, then X ∈ B C (R); see [13, (4.4) ].
Let ϕ : R → S be a local homomorphism such that S ∈ A C (R), e.g., such that fd(ϕ) < ∞. 
Gorenstein and Complete Intersection Dimensions
In this section, we introduce natural variations of existing homological dimensions, beginning with the G C -version of the main player of [28] . Definition 2.1. Let ϕ : R → S be a local ring homomorphism and M a homologically finite S-complex. Fix a semidualizing R-complex C and a Cohen factorization
In the case C = R, we follow [28] and write G-dim
Properties 2.2. Fix a local ring homomorphism ϕ : R → S, a Cohen factorization R → R ′ → S ofφ, a homologically finite S-complex M , and a semidualizing Rcomplex C.
are simultaneously finite. This is proved as in [28, (3. 2)] using [13, (6. (
. When R possesses a dualizing complex D R , these conditions are equivalent to:
. This is proved as in [28, (3. 6)] using Remarks 1.13 and 1.15.
If R admits a dualizing complex
by Remark 1.6, so the desired conclusion follows from the definition using Remark 1.9.
We continue with complete intersection dimensions. When M is a module, Definition 2.4 is from [33] , which is in turn modeled on [9] .
← − Q such that ϕ is flat, and τ is surjective with kernel generated by a Q-regular sequence; if the kernel of τ is generated by a Q-regular sequence of length c, we will sometimes say that the quasi-deformation has codimension c.
Definition 2.4. Let (R, m) be a local ring. For each homologically bounded Rcomplex M , define the complete intersection projective dimension, complete intersection flat dimension and complete intersection injective dimension of M as, respectively,
When M is homologically finite we follow [9, 34] and define the complete intersection
Remark 2.5. Let R be a local ring and M a homologically bounded R-complex. 
Arguing as in [9, (1.13.
2)] and using [3, (4.2)], one deduces that the quantities
We make the next definition for our version of Foxby equivalence in Theorem E. Definition 2.6. Let (R, m) be a local ring and M a homologically bounded Rcomplex. Define the upper complete intersection injective dimension of M as
Remark 2.7. The formal fibres of R ′ are Gorenstein when R ′ is complete or, more generally, when R ′ is excellent or admits a dualizing complex.
Remark 2.8. Let R be a local ring and M a homologically bounded R-complex.
Question 2.9. Let R be a local ring and M a homologically bounded R-complex.
Remark 2.10. Assume that R is a complete intersection and M is a homologically bounded R-complex. Arguing as in [9, (1. 3)], we conclude CI-pd R (M ) < ∞, and similarly for CI-fd
The following formulas are complete intersection versions of the classical Bass formula for injective dimension. Note that the analogue of the Auslander-Buchsbaum formula for complete intersection dimension was proved in [34, (3. 3)].
Proposition 2.11. Let R be a local ring and M a homologically finite R-complex.
(
Proof. (a) We begin by observing the equality
where m is the maximal ideal of R. Indeed, the inequality " " follows from the fact that the collection of all quasi-deformations contains the collection of all quasi-
One checks readily that the localized diagram
M is homologically finite, so the Bass formula and Auslander-Buchsbaum formulas provide the first equality in the following sequence:
The second and third equalities follow from the fact that ϕ is flat and local with artinian closed fibre. Since this quantity is independent of the choice of quasideformation, only depending on the finiteness of id Q (R ′ ⊗ L R M ), the advertised formula follows.
Part (b) is established similarly.
We close this section with relative versions of complete intersection dimensions.
Definition 2.12. Let ϕ : R → S be a local ring homomorphism and M a homologically finite S-complex. The complete intersection dimension of M over ϕ and complete intersection injective dimension of M over ϕ are, respectively,
The complete intersection dimension of ϕ and complete intersection injective dimension of ϕ are CI-dim(ϕ) := CI-dim ϕ (S) and CI-id(ϕ) := CI-id ϕ (S).
Remark 2.13. We do not introduce CI-pd ϕ (M ) and CI-fd ϕ (M ) because they would be the same as CI-dim ϕ (M ) by Remark 2.5. On the other hand, we do not introduce CI * -id ϕ (M ) because we do not need it for our results.
Properties 2.14. Fix a local ring homomorphism ϕ : R → S, a Cohen factorization R → R ′ → S ofφ, and a homologically finite S-complex M .
2.14.1. If R is a complete intersection, then CI-dim ϕ (M ) and CI-id ϕ (M ) are finite. This follows from Remark 2.10 because the fact thatφ is flat with regular closed fibre implies that R ′ is a complete intersection. Given a quasi-deformation of R, we show in this section how to construct nicer quasi-deformations that are related to the original one. One outcome is the proof (in 3.2) of Theorem F from the introduction. This is similar in spirit to [9, (1.14) ], but different in scope, and will be used frequently in the sequel.
As in (2.2.2) one checks that the quantities CI-dim
There exists a commutative diagram of local ring homomorphisms
such that ϕ ′ is flat with Gorenstein closed fibre, τ ′ is surjective with kernel generated by Q ′ -regular sequence of length c, the natural map R ′ ⊗ Q Q ′ → R ′′ is bijective, and one has Tor
Because ϕ is flat with Cohen-Macaulay closed fibre, we know from [8, (3.8.1),(3.8.
3)] that R ′ is perfect as an S-module, say, of grade g. This yields Ext
(In the language of [6] this complex is dualizing for ϕ. See [6, 22] for more properties and applications.) In particular, the R ′ -complex RHom S ( R ′ , S) is semidualizing by [13, (6.6 )], and so the module C = Ext g S ( R ′ , S) is a semidualizing R ′ -module. Hence, we have from the definition Ext
We claim that C is flat as an R-module. The module C is finitely generated over R ′ , and the semi-completionφ : R → R ′ is a local ring homomorphism. It follows
The ring Q is complete, and the local ring homomorphism τ : Q → R ′ is surjective with kernel generated by a Q-regular sequence x of length c. Using [2, (1.7)], the vanishing Ext 2 c R ′ (C, C) = 0 implies that there is a finitely generated Q-module B such that x is B-regular and
Now we construct the desired diagram guided by the following.
The triangle in the diagram commutes by definition, and the upper square commutes by 1.4. One checks readily that the map τ ′ := τ ⋉ τ 1 : Q ⋉ B → R ′ ⋉ C is a local ring homomorphism making the bottom square commute.
The fact that the sequence x is Q-regular and B-regular implies
Using the surjectivity of τ one checks that the natural map R ′ ⊗ Q Q → R ′ is bijective. The construction of τ ′ shows that Ker(τ ′ ) is generated by the ( Q ⋉ B)-regular sequence g(x) and the natural map R ′ ⊗ b Q ( Q ⋉ B) → R ′ ⋉ C is bijective. This implies that the natural map R ′ ⊗ Q ( Q ⋉ B) → R ′ ⋉ C is bijective. As R ′ and C are both R-flat, we see that the composition
we conclude that the closed fibre of ϕ ′ is Gorenstein. Thus, setting R ′′ = R ′ ⋉ C and Q ′ = Q ⋉ B yields the desired diagram.
3.2.
Proof of Theorem F. One implication follows immediately from the definition of CI-fd R (M ). For the other implication, assume CI-fd R (M ) < ∞ and fix a quasi-
One checks readily that the localized diagram R ϕP − − → R ′ P τP ← − − Q p is a quasideformation and that the closed fibre R ′ P /mR
Thus, we may replace the original quasi-deformation with the localized one in order to assume that the closed fibre R ′ /mR ′ is artinian and, hence, Cohen-Macaulay. Lemma 3.1 now yields a commutative diagram of local ring homomorphisms
such that ϕ ′ is flat with Gorenstein closed fibre, τ ′ is surjective with kernel generated by Q-regular sequence, the natural map Q ′ ⊗ Q R ′ → R ′′ is bijective, and one has Tor
′ is a quasi-deformation, and so it suffices to show that
This yields the second equality in the following sequence:
The first equality follows from the commutativity of the displayed diagram. The third equality is tensor-cancellation. The first inequality is from [3, (4.2.F)], and the second inequality is by assumption. Remark 3.3. We do not know whether there is a result like Theorem F for CI-id. In fact, it is not even clear if, given an R-complex of finite complete intersection injective dimension, there exists a quasi-deformation
The place where the proof breaks down is in the final displayed sequence: it is not true in general that the finiteness of
However, see Proposition 3.6. Before proving a version of Theorem F for upper complete intersection dimension, we require the following extension of a result of Foxby [19, Thm. 1] for complexes. We shall apply it to the completion homomorphism ε Q : Q → Q. Recall that an R-complex M is minimal if, for every homotopy equivalence α : M → M , each map
′ be a flat local ring homomorphism and N a homologically bounded Q-complex such that, for every prime p ∈ Spec(Q) such that N p ≃ 0, the fibre
Within this proof, we work in the category of Q-complexes, as opposed to the derived category. In particular, a morphism of Q-complexes f : X → Y is a "quasiisomorphism" if each map H n (f ) : H n (X) → H n (Y ) is bijective, and f is an "isomorphism" if each map f n : X n → Y n is bijective. Quasiisomorphisms are identified by the symbol ≃, and isomorphisms are identified by the symbol ∼ =.
Set j = id Q (N ) and let N ≃ I be an injective resolution over Q such that I n = 0 for all n < −j. From [7, (12.2 
.2)] there exist Q-complexes I
′ and I ′′ such that I ′ is minimal and such that I ′′ ≃ 0 and I ∼ = I ′ ⊕ I ′′ . It follows that I ′ is a bounded complex of injective Q-modules such that N ≃ I ′ , so we may replace I with I ′ in order to assume that I is minimal.
Claim. Given a prime q ∈ Spec(Q) such that N q ≃ 0, we have I q = 0. To prove this, we start with the quasiisomorphisms I q ≃ N q ≃ 0 and consider the natural morphism g : I → I q . For each integer n, the module I n is isomorphic to a direct sum of injective hulls E Q (Q/p). Given the isomorphism of Q-modules
it follows readily that each g n is a split surjection. From this we conclude that the complex J = Ker(g) is a bounded complex of injective Q-modules. Furthermore, we use the quasiisomorphism I q ≃ 0 in the long exact sequence associated to the exact sequence 0 → J h − → I g − → I q → 0 in order to conclude that h is a quasiisomorphism. Because J and I are bounded complexes of injective Q-modules, it follows that h is a homotopy equivalence. Now, using [11, (1.7.1)] we conclude that h is surjective and so I q = 0.
From [19, Thm. 1] the fact that the formal fibre Q ′ ⊗ Q (Q p /pQ p ) is Gorenstein whenever N p ≃ 0 implies that each module Q ′ ⊗ Q I n has finite injective dimension over Q ′ . Hence, the complex
In the conclusion of the next result, notice that R ′′ is complete, and hence it has Gorenstein formal fibres. Proposition 3.5. Let (R, m) be a local ring and M a homologically bounded Rcomplex. Then CI * -id R (M ) < ∞ if and only if there exists a quasi-deformation R → R ′′ ← Q ′ such that Q ′ is complete, the closed fibre R ′′ /mR ′′ is artinian, and Gorenstein, and id
For the nontrivial implication, assume CI * -id R (M ) < ∞, and fix a quasi-
Choose a prime ideal P ∈ Min R ′ (R ′ /mR ′ ) and set p = τ −1 (P ). We conclude from [3, (5.1.I)] that the quantity 
As in the proof of Theorem F it suffices to show that the quantity
The fact that τ is surjective yields an isomorphism of closed
In particular, each of these rings is Gorenstein by assumption. Thus, the finiteness of
We will see the utility of the next result in Theorem 5.2(b). Proposition 3.6. Let (R, m) be a local ring and M a homologically bounded Rcomplex with finite length homology. Then CI-id R (M ) is finite if and only if there exists a quasi-deformation R → R ′′ ← Q ′ such that Q ′ is complete, the closed fibre R ′′ /mR ′′ is artinian, and id
Proof. For the nontrivial implication, assume that CI-id R (M ) is finite and fix a quasi-deformation
Localizing as in the proof of Proposition 3.5, we may assume that the closed fibre R ′ /mR ′ is artinian. Because each R-module H i (M ) has finite length and the closed fibre R ′ /mR ′ is artinian, it follows that each module
has finite length over R ′ and therefore over Q. In particular, there is only one prime p ∈ Spec(Q) such that (R ′ ⊗ L R M ) p ≃ 0, namely, the maximal ideal p = n ⊂ Q. Because the formal fibre Q ⊗ Q Q/n ∼ = Q/n is Gorenstein, the argument of Proposition 3.5 shows 
If M has finite length homology, then one has CI-id R (M ) < ∞ if and only if
Stability Results
This section documents some situations where combinations of complexes either detect or inherit homological properties of their component pieces. We start with partial converses to parts of [15, (2.1) ] which are useful, e.g., for Theorem 5.2(b).
Proposition 4.1. Let R be a local ring and C a semidualizing R-complex. Let M and N ≃ 0 be homologically finite R-complexes with pd R (N ) < ∞.
Proof. We prove part (a). The proof of (b) is similar.
Assume
(The corresponding implication in the proof of (b) uses tensor-evaluation (1.2).)
We consider the following commutative diagram wherein the unmarked isomorphism is tensor-associativity and ω CCM is tensor-evaluation (1.2).
is an isomorphism, the diagram shows that the same is true of 
Hence, using RHom R (N, R) in place of N in the first case, we find M ∈ A C (R).
The following result paves the way for Proposition 4.3 which is used in the proof of Theorem 5.1(b).
Lemma 4.2. Let R be a local ring and C a semidualizing R-module. For each homologically bounded R-complex M , the following conditions are equivalent.
. When M is a module, this is proved in [18, (3.5) ]. For the general case, let Fix an integer i > sup(M ) and consider the following truncations of F
Our choice of i implies F ′ ≃ M , and so
The complexes from the display fit into an exact sequence as follows
and applying R ⊗ R − to this sequence yields a second exact sequence
The complex R ⊗ R F i is a bounded complex of R-flat modules, and so it is in A D b R ( R) by Remark 1.13. A standard argument using the exact sequence implies
From the first paragraph of this proof, we know that G-fd R (M ) is finite if and
Thus, the equivalence is established. The proof of (ii) ⇐⇒ (iii) is similar using a projective resolution P ≃ M . Proposition 4.3. Let R be a local ring and C a semidualizing R-module. For each homologically bounded R-complex M , the following conditions are equivalent. 
Hence, the desired equivalence follows from Lemma 4.2.
From Remark 1.11 we have G C -fd R (M ) = G-fd R⋉C (M ). The previous paragraph tells us that G-fd R⋉C (M ) is finite if and only if R⊗
The remaining results of this section deal with stability for complete intersection dimensions. The first one is used in the proof of Theorem 5.2(b).
Proposition 4.4. Let R be a local ring and let M and N be homologically bounded R-complexes with fd R (N ) < ∞.
2)] and so [3, (4.1.F)] provides the finiteness in the next display Parts (b) and (c) are proved like (a) using [3, (4.5.F) ].
Proposition 4.5. Let R be a local ring with Gorenstein formal fibres. Let M be a homologically finite R-complex and let N be homologically bounded R-complex with
Because R has Gorenstein formal fibres, we learn from [5, (4.1)] that R ′ has Gorenstein formal fibres and, for each prime p ∈ Spec(R), the fibre R ′ ⊗ R (R p /pR p ) is Gorenstein. Using [19, Thm. 1] as in the proof of Proposition 3.5 we conclude that id
Because M is homologically finite and R ′ is flat over R, tensor-evaluation (1.2) yields the first isomorphism in the following sequence:
The second isomorphism comes from the fact that R ′ ⊗ L R N is an R ′ -complex, and the third isomorphism is Hom-tensor adjointness. This sequence yields the equality in the next sequence and the finiteness is from [3, (4.1.I)]:
Part (b) is proved like (a) using [3, (4.5.I)].
The previous result yields the following behavior of complete intersection dimensions with respect to "dagger-duality".
Corollary 4.6. Let R be a local ring admitting a dualizing complex D, and let M be a homologically finite R-complex.
Proof. Because R admits a dualizing complex, it has Gorenstein formal fibres by [26, 
from Remark 1.9 implies CI-fd R (M ) < ∞ by Proposition 4.5(b). This establishes part (a), and part (b) is proved similarly.
Proposition 4.7. Let R be a local ring. Let M be a homologically finite R-complex with pd R (M ) < ∞ and let N be homologically bounded R-complex.
Proof. Remark 1.3 says that RHom R (M, R) is a homologically finite R-complex of finite projective dimension such that
Hence, the desired result follows from Proposition 4.4.
Complete Intersection Dimensions and Foxby Classes
The first result of this section contains Theorem D from the introduction.
Theorem 5.1. Let R be a local ring and fix a homologically bounded R-complex M and a semidualizing R-complex C.
Proof. (a) Assume CI-fd R (M ) < ∞, and use Theorem F to find a quasi-deformation
, and hence M ∈ A C (R); see Remark 1.13.
(b) and (c) The assumption CI-fd
Theorem 5.2. Let (R, m, k) be a local ring and fix a homologically bounded Rcomplex M and a semidualizing R-complex C.
Proof. (a) This is proved like Theorem 5.1(a) using Proposition 3.5.
(b) Let K be the Koszul complex over R on a minimal generating sequence for the maximal ideal m. The conditions fd R (K) < ∞ and CI-id
is finite. Arguing as in the proof of Theorem 5.1 (a) we conclude that M ⊗ L R K is in B C (R), and so Proposition 4.1(b) implies M ∈ B C (R).
(c) By parts (a) and (b), the assumptions imply that M is in B RHomR(C,D R ) (R), and from Remark 1.14, we conclude G C -id R (M ) < ∞.
Questions 5.3. Does the conclusion of Theorem 5.2(a) also hold if we replace the assumption CI * -id R (M ) < ∞ with CI-id R (M ) < ∞? (c.f. 2.9.) Does the conclusion of Theorem 5.2(c) hold if we do not assume that R admits a dualizing complex? 5.4. Proof of Theorem E. We start with the forward implication of (a). Assume CI-fd R (M ) < ∞ and use Theorem F to find a quasi-deformation
Note that, since Q is complete, the same is true of R ′ , and so R ′ has Gorenstein formal fibres. Because ϕ is flat with Gorenstein closed fibre, we know that R ′ ⊗ L R D R is dualizing for R ′ by Remark 1.6. As Q is complete, it admits a dualizing complex D Q . Again by Remark 1.6, the fact that τ is surjective with kernel generated by a Q-regular
) is finite as well by [3, (4.5.F)]. Hence, the following sequence of isomorphisms
We continue with the forward implication of (b). Assume CI * -id R (M ) < ∞ and use Proposition 3.5 to find a quasi-deformation
) is finite as well by [3, (4.5.I)]. Hence, the following sequence of isomorphisms
The first and fifth isomorphisms are Hom-cancellation; the second and fourth isomorphisms are Hom-tensor adjointness; the third isomorphism is from our choice of D Q ; and the last isomorphism is tensor-evaluation (1.2). For the reverse implication of (a), assume CI *
, and so there is an isomorphism
The proof of the reverse implication of (b) is similar.
Question 5.5. In Theorem E, can we replace CI * -id with CI-id? (c.f. 2.9.) Remark 5.6. Foxby equivalence is often described in terms of a diagram, as in [13, (4.2) ]. We show how Theorem E adds to this diagram. Let R be a local ring admitting a dualizing complex D R . Let CI -F (R) and CI * -I(R) denote the full subcategories of D b (R) consisting of the complexes M with, respectively, CI-fd R (M ) < ∞ and CI * -id R (M ) < ∞. Using Theorems E, 5.1(a) and 5.2(a) in conjunction with [13, (4. 2)], we find that there is a commutative diagram
where the vertical arrows are the natural full embeddings.
The next result is the special case of Theorem E wherein R is dualizing for R.
Corollary 5.7. Let R be a local Gorenstein ring and M a homologically bounded R-complex. Then CI-fd R (M ) < ∞ if and only if CI * -id R (M ) < ∞.
Complete Intersection Dimensions over Local Homomorphisms
We begin this section with relative versions of parts of Theorems 5.1 and 5.2.
Theorem 6.1. Let ϕ : R → S be a local ring homomorphism and fix a homologically finite S-complex M and a semidualizing R-complex C.
This yields S⊗
Arguing as in the proof of [13, (5.3.a)] we deduce M ∈ A C (R) and hence (a). The ring R ′ is complete, and so admits a dualizing complex D. Again using ( †), we conclude
Theorem A is the special case C = R and M = T of the next result.
Theorem 6.2. Let ϕ : R → S and ψ : S → T be local ring homomorphisms, and let C be a semidualizing R-complex. Fix a homologically finite
Proof.
Step 1. Assume that R is complete, the maps ϕ and ψ are surjective, and the quantities G C -dim R (S) and CI-dim S (M ) are finite. We show G C -dim R (M ) is also finite. Note that M is homologically finite as an S-complex. Let D R be a dualizing complex for R. Using (2.2.3) and (2.2.4), the finiteness of
. From Remark 1.13 we conclude M ∈ A RHomR(C,D R ) (R), and so Remark 1.15 implies G C -dim R (M ) < ∞.
Step 2. We prove the result when the rings R, S, and T are complete. Because T is complete, the finiteness of CI-dim ψ (M ) provides a Cohen factorization
we conclude that there exists a Cohen factorization
These maps fit into the next commutative diagram of local ring homomorphisms
by (2.2.3). Hence, we deduce the following membership from Remark 1.13
while the isomorphism is from ( ‡). The following sequence of isomorphisms helps us make sense of the semidualizing
The first isomorphism is by tensor-evaluation (1.2); the second one is from the definition D
; the third one is Hom-cancellation; the fourth one is Hom-tensor adjointness; the fifth one is tensor-cancellation. This sequence, with the previous display, provides
and we conclude G R ′′ ⊗ L R C -dim R ′′ (S ′ ) < ∞ by Remark 1.15. Using the condition CI-dim S ′ (M ) < ∞, Step 1 implies G R ′′ ⊗ L R C -dim R ′′ (M ) < ∞. Because the diagram Rρ Step 3. We prove the result in general. The conditions CI-dim ψ (M ) < ∞ and
2) and (2.14.2). From Step 2, we conclude
.2).
Remark 6.3. Iyengar and Sather-Wagstaff [28, (5.2)] prove the following decomposition result: If ϕ : R → S and ψ : S → T are local ring homomorphisms such that ψ • ϕ has finite Gorenstein dimension and ψ has finite flat dimension, then ϕ has finite Gorenstein dimension. We do not know whether the conclusion in this result holds if we only assume that ψ has finite complete intersection dimension. ← − Q such that id Q (R ′′ ⊗ R ′ S) < ∞. The map ϕ ′ : R ′ → S is a surjective local ring homomorphism, so the same is true of the base-changed map R ′′ ⊗ R ′ ϕ ′ : R ′′ → R ′′ ⊗ R ′ S. Thus, the composition (R ′′ ⊗ R ′ ϕ ′ )• τ : Q → R ′′ ⊗ R ′ S is a surjective local ring homomorphism of finite injective dimension. Using a result of Peskine and Szpiro [31, (II.5.5)], we conclude that Q is Gorenstein. Because τ is surjective with kernel generated by a Q-regular sequence, this implies that R ′′ is Gorenstein. Hence, the flatness of the composition σ • ϕ ′ : R → R ′′ implies that R is Gorenstein. Because Q is Gorenstein, a result of Levin and Vasconcelos [30, (2. 2)] says that the finiteness of id Q (R ′′ ⊗ R ′ S) implies pd Q (R ′′ ⊗ R ′ S) < ∞. By definition, we conclude CI-dim(ϕ) < ∞. For the converse, assume that R is Gorenstein and CI-fd(ϕ) is finite. Fix a Cohen factorization Rφ − → R ′ ϕ ′ − → S ofφ such that CI-fd R ′ ( S) < ∞. Since R is Gorenstein andφ is flat with regular closed fibre, we know that R ′ is Gorenstein. Remark 2.8 and Corollary 5.7 implies CI-id R ′ ( S) < ∞, and so CI-id(ϕ) < ∞.
Theorem C from the introduction is contained in Corollary 6.7, which we prove after a definition and a remark. Definition 6.5. A local ring endomorphism ϕ : R → R is a contraction if, for each element x ∈ m, the sequence {ϕ n (x)} converges to 0 in the m-adic topology.
Remark 6.6. If R is a local ring of prime characteristic, then the Frobenius endomorphism ϕ : R → R is a contraction.
Corollary 6.7. Given a contraction ϕ : R → R, the following are equivalent.
(i) R is a complete intersection.
(ii) CI-id(ϕ i ) is finite for some integer i 1. (iii) CI-id(ϕ i ) is finite for each integer i 1.
Proof. The implication (i) =⇒ (iii) follows from (2.14.1), and the implication (iii) =⇒ (ii) is trivial. For (ii) =⇒ (i), apply Theorem B to conclude that CI-dim(ϕ i ) is finite and then [10, (13.5) ] implies that R is a complete intersection.
Corollary 6.8. Let ϕ : R → S and ψ : S → T be local ring homomorphisms, and let C be a semidualizing R-complex.
(a) If ϕ has finite G C -dimension and ψ has finite complete intersection injective dimension, then C is dualizing. (b) If ϕ has finite Gorenstein dimension and ψ has finite complete intersection injective dimension, then R is Gorenstein.
Proof. (a) The finiteness of CI-id(ψ) implies that S is Gorenstein by Theorem B, and so S is Gorenstein. Let D be a dualizing R-complex. Because G C -dim(ϕ) is finite we know that S is in 
The first isomorphism is Hom-cancellation, and the third one is from Remark 1.9. Now apply Remark 1.6 to conclude that C is dualizing for R, and so (2.2.5) implies that the composition ψ • ϕ has finite G C -dimension.
(b) Apply part (a) in the case C = R.
